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Abstract
We introduce a new concept Condition (C*), and denote the set of all functions satisfying Condition (C*)
by L2c∗(R;X), which are translation bounded but not translation compact in L2loc(R;X), and we show that
there are many functions satisfying Condition (C*); then, in application, we obtain the existence of uniform
attractors in E0 = H 10 ×L2 for non-autonomous wave equations involving mixed differential quotient terms
with this new class of time dependent external forces h(x, t) ∈ L2c∗(R;X).
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
The study of uniform attractor for non-autonomous infinite dimensional dynamical systems
has attracted much attention and has made fast progress in recent years, see, for instance,
[1–3,6,11,13] and the references therein. As we know, the most general method to consider the
existence of uniform attractors for non-autonomous dynamical systems has been presented by
V. Chepyzhov and M. Vishik in [4]. The construction of the skew product flow of the process
played the main role in this method; this allowed one to reduce the problem to the study of
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J.K. Hale [5], R.K. Miller and G.R. Sell [10], G.R. Sell [12]). Hence, the general theory of au-
tonomous systems is applicable. However, it is unsatisfactory that this method can only be used
to deal with the problems with translation compact symbols. In applications, we hope to deal
with the problems with more general symbols. Recently, motivated by [9], the authors of [8]
have given a new method to prove the existence of uniform attractor for a family of processes
by use of the concept of non-compactness measure, and this method make it possible to consider
more general symbols in applications. In [8], the authors also applied this method to deal with
non-autonomous 2D Navier–Stokes equations with normal external force in L2loc(R;H) which is
translation bounded but not translation compact, here L2loc(R;H) denotes the metrizable space of
functions ϕ(s), s ∈ R, with values in H = L2(Ω) and 2-power locally integrable in the Bochner
sense. However, normal external forces are only effective for strongly dissipative problems (for
example, 2D NS equations and some non-linear reaction–diffusion equations), and almost not
effective for weakly dissipative problems (for instance, weakly damped wave equations).
In this paper, for weakly dissipative problems, we introduce a new concept Condition (C*),
which are also more general than translation compact concept. In application, we consider the
following non-autonomous systems with external forces h(x, t) satisfying Condition (C*), which
is translation bounded but not translation compact:⎧⎨
⎩
utt − uxx + αutx + βut + f (u) = h(x, t), x ∈ (0, l), t ∈ R+,
u(0, t) = u(l, t) = 0, t ∈ R+,
u(x, τ ) = u0τ (x), ut (x, τ ) = u1τ , x ∈ (0, l),
(1.1)
where β > 0 and non-linear term f ∈ C1(R) satisfies the following conditions:
(i) there is a constant c > 0 such that
F(s) =
s∫
0
f (η)dη−c (1.2)
and
f (s)s − F(s)−c; (1.3)
(ii) there is r ∈ [0,∞), such that
lim|s|→∞
|f ′(s)|
|s|r = 0. (1.4)
More recently, the author of [7] has proved the existence of an absorbing set for autonomous
case (1.1) in E0 = V ×H = H 10 (0, l)×L2(0, l). And subsequently, in [14], the author obtained
the global attractor for autonomous case (1.1) in E0 = V × H . Now we consider the existence
of uniform attractor for non-autonomous case with the new class of time dependent external
forces h(x, t) ∈ L2c∗(R;H) (see Definition 3.2) which are translation bounded but not translation
compact.
This paper is organized as follows: in Section 2, we make some preparations for our con-
sideration; in Section 3, we introduce a new class of functions denoted by L2c∗(R;X) (see
Definition 3.2) which is more general than L2c(R;X), here L2c(R;X) denotes the set of all trans-
lation compact functions in L2loc(R;X); in Section 4, we obtain the existence of the uniform
attractors for the family of processes associated with Eq. (1.1) in H 10 ×L2.
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Let E be a Banach space, and let a two-parameter family of mappings {U(t, τ )} = {U(t, τ ) |
t  τ, τ ∈ R} act in E, that is,
U(t, τ ) :E → E, t  τ, τ ∈ R.
Definition 2.1. (See [4].) Let Σ be a parameter set. {Uσ (t, τ ), t  τ, τ ∈ R}, σ ∈ Σ is said to
be a family of processes in Banach space E, if for each σ ∈ Σ , {Uσ (t, τ )} is a process, that is,
the two-parameter family of mappings {Uσ (t, τ )} from E to E satisfy
Uσ (t, s) ◦Uσ (s, τ ) = Uσ (t, τ ), ∀t  s  τ, τ ∈ R, (2.1)
Uσ (τ, τ ) = I is the identity operator, τ ∈ R, (2.2)
where Σ is called the symbol space and σ ∈ Σ is called the symbol.
The following basic assumption comes from applications and is natural.
Assumption I. Let {T (r) | r  0} be a semigroup acting on Σ and satisfy
(i) T (r)Σ = Σ , ∀r ∈ R+;
(ii) translation identity:
Uσ (t + r, τ + r) = UT (r)σ (t, τ ), ∀σ ∈ Σ, t  τ, τ ∈ R, r  0.
A set B0 ⊂ E is said to be uniformly (w.r.t. σ ∈ Σ ) absorbing set for the family of processes
{Uσ (t, τ )}, σ ∈ Σ if for any τ ∈ R and B ∈ B(E) which denotes the set of all bounded subsets
of E, there exists t0 = t0(τ,B) τ such that ⋃σ∈Σ Uσ (t, τ )B ⊆ B0 for all t  t0. A set Y ⊂ E
is said to be uniformly (w.r.t. σ ∈ Σ ) attracting for the family of process {Uσ (t, τ )}, σ ∈ Σ if for
any fixed τ ∈ R and every B ∈ B(E),
lim
t→+∞
(
sup
σ∈Σ
distE
(
Uσ (t, τ )B,Y
))= 0. (2.3)
Definition 2.2. (See [4].) A closed set AΣ ⊂ E is said to be the uniform (w.r.t. σ ∈ Σ ) attractor
of the family of processes {Uσ (t, τ )}, σ ∈ Σ if it is uniformly (w.r.t. σ ∈ Σ ) attracting (attracting
property) and it is contained in any closed uniformly (w.r.t. σ ∈ Σ ) attracting setA′ of the family
of processes {Uσ (t, τ )}, σ ∈ Σ : AΣ ⊆A′ (minimality property).
In order to obtain our main theorem, we need the following results. The next existence and
uniqueness lemma is similar to Theorem 1 in [7].
Lemma 2.3. Let u0τ ∈ V , u1τ ∈ H , h ∈ L2loc(R;H) and α,β, c be given. Suppose f ∈ C1(R)
satisfies conditions (1.2) and (1.3). Then problem (1.1) has a unique solution u(t) ∈ C(Rτ ;V ),
ut ∈ C(Rτ ;H) and utt ∈ L2loc(Rτ ;H−1(0, l)).
Similar to autonomous problems, the proof is based on the Galerkin approximation method.
The time-dependent term makes no essential complications.
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yτ = (u0τ , u1τ ) for brevity. We denote by E0 the space of vector functions y(x) = (u(x),p(x))
with finite energy norm
‖y‖E0 =
{‖u‖2 + |p|2} 12 , where ‖u‖ = ‖u‖V = ‖ux‖H , |p| = ‖p‖H , (2.4)
which is equivalent to |y|2E0 = ‖u‖2L2(Ω) + |p + δu|2.
Then system (1.1) is equivalent to the following system:
∂tu = p, ∂tp = uxx − αutx − βut − f (u)+ h(x, t), for any t  τ ;
u(0, t) = u(l, t) = 0; u|t=τ = u0τ , p|t=τ = u1τ , (2.5)
which can be rewritten in the operator form
∂ty = Aσ(t)(y), y|t=τ = yτ , (2.6)
where σ(s) = h(x, s) is the symbol of Eq. (2.6). Thus if yτ ∈ E0, then problem (2.6) has a
unique solution y(t) ∈ Cb(Rτ ;E0). This implies that the process {Uσ (t, τ )} given by the formula
Uσ (t, τ )yτ = y(t) is well defined in E0.
Now we give a fixed external force h0 and define the symbol space H(σ0) for (2.6). Since
H is reflexive separable we denote by L2,wloc (R;H) the space L2loc(R;H) endowed with local
weak convergence topology. Let a fixed symbol σ0(s) = h0(s) = h0(·, s) be translation bounded
in L2loc(R;H), i.e.,
‖ϕ‖2
L2b(R;H)
= sup
t∈R
t+1∫
t
|ϕ|2 ds < ∞.
Therefore,
H(σ0) =H(h0) =
[
h0(x, s + r)
∣∣ r ∈ R]
L
2,w
loc (R;H),
where [ ] denotes the closure of a set in a topological space L2,wloc (R;H).
Then, for any h(x, t) ∈H(h0), problem (2.5) with h instead of h0 possesses a corresponding
process {Uh(t, τ )} acting in E0. Due to Lemma 2.3 and Proposition 2.4 below, the translation
semigroup {T (r) | r ∈ R+} satisfies that ∀r ∈ R+, T (r)H(h0) =H(h0) and the following trans-
lation identity holds:
Uh(t + r, τ + r) = UT (r)h(t, τ ), ∀h ∈H(h0), t  τ, τ ∈ R, r  0.
Proposition 2.4. (See [4].) If X is a reflexive separable Banach space, then
(1) for all ϕ1 ∈H(ϕ), ‖ϕ1‖2
L2b(R;X)
 ‖ϕ‖2
L2b(R;X)
;
(2) T (t)H(ϕ) =H(ϕ) for all t ∈ R.
Definition 2.5. (See [8].) A family of processes {Uσ (t, τ )}, σ ∈ Σ , is said to be satisfying uni-
form (w.r.t. σ ∈ Σ ) Condition (C) if for any fixed τ ∈ R, B ∈ B(E) and ε > 0, there exists
t0 = t0(τ,B, ε) τ and a finite dimensional subspace Em of E such that
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σ∈Σ
⋃
tt0 Uσ (t, τ )B) is bounded; and(ii) ‖(I − Pm)(⋃σ∈Σ ⋃tt0 Uσ (t, τ )x)‖E  ε, ∀x ∈ B ,
where dimEm = m and Pm :E → Em is a bounded projector.
Lemma 2.6. (See [8].) If translation identity is valid for a family of processes {Uσ (t, τ )}, σ ∈ Σ ,
and for a semigroup {T (t) | t  0} acting on Σ satisfying T (t)Σ = Σ , ∀t ∈ R, and the family of
processes {Uσ (t, τ )}, σ ∈ Σ ,
(i) has a bounded uniformly (w.r.t. σ ∈ Σ ) absorbing set B0; and
(ii) satisfies uniform (w.r.t. σ ∈ Σ ) Condition (C),
then {Uσ (t, τ )}, σ ∈ Σ , possesses compact uniform (w.r.t. σ ∈ Σ ) attractor AΣ in E satisfying
AΣ = ω0,Σ(B0) = ωτ,Σ(B0), ∀τ ∈ R, (2.7)
where ω0,Σ(B0) and ωτ,Σ(B0) are ω-limit sets of B0.
3. A new class of functions and its properties
Let us recall the following facts, which can be found in V.V. Chepyzhov and M.I. Vishik [4].
Property 3.1. Let X be a Banach space. A function ϕ(s) is translation compact in L2loc(R;X) if
and only if
(i) for any r ∈ R the set {∫ t+r
t
ϕ(s) ds | t ∈ R} is precompact in X;
(ii) lim|l|→0 supt∈R
∫ t+1
t
‖ϕ(s)− ϕ(s + l)‖2X ds = 0.
Now we introduce a new class of functions. Subsequently, in Section 5 for non-autonomous
damped hyperbolic equations with this new class of external forces we will prove the existence
of compact uniform (w.r.t. h ∈H(h0)) attractor in E0.
Definition 3.2. Let X be a Banach space. A function ϕ ∈ L2b(R;X) is said to satisfy Condi-
tion (C*) if for any ε > 0, there exists a finite dimensional subspace X1 of X such that
sup
t∈R
t+1∫
t
∥∥(I − Pm)ϕ(x, s)∥∥2X ds < ε,
where Pm :X → X1 is the canonical projector.
Denote by L2c∗(R;X) the set of all functions satisfying Condition (C*).
Lemma 3.3. If ϕ ∈ L2c∗(R;X), then for any ε > 0 and τ ∈ R, we have
sup
tτ
t∫
τ
e−δ(t−s)
∥∥(I − Pm)ϕ(s)∥∥2X ds  ε,
where Pm is the same as that in Definition 3.2 and δ is a positive constant.
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sup
t∈R
t+1∫
t
∥∥(I − Pm)ϕ(s)∥∥2X ds  (1 − e−δ)ε.
Hence, for any τ ∈ R, we have
t∫
τ
e−δ(t−s)
∥∥(I − Pm)ϕ(s)∥∥2X ds
 e−δt
( t∫
t−1
eδs
∥∥(I − Pm)ϕ(s)∥∥2X ds +
t−1∫
t−2
eδs
∥∥(I − Pm)ϕ(s)∥∥2X ds + · · ·
)

(
1 + e−δ + e−2δ + · · ·) sup
t∈R
t+1∫
t
∥∥(I − Pm)ϕ(s)∥∥2X ds
 1
1 − e−δ supt∈R
t+1∫
t
∥∥(I − Pm)ϕ(s)∥∥2X ds
 ε, ∀t  τ.
We complete the proof. 
Theorem 3.4. Let X be a Banach space, then L2c∗(R;X) is a closed subspace of L2b(R;X).
Proof. Let {ϕn}∞n=1 ⊂ L2c∗(R;X) and ϕn → ϕ in L2b(R;X). Here L2b(R;X) is a Banach space
endowed with the norm
‖ϕ‖L2b(R;X) =
(
sup
t∈R
t+1∫
t
∥∥ϕ(s)∥∥2
X
ds
)1/2
.
Then for any ε > 0 there exists n0 ∈ N such that
sup
t∈R
t+1∫
t
‖ϕ − ϕn0‖2X ds 
ε
4
. (3.1)
By the definition of L2c∗, there exist M ∈ N and m>M such that
t+1∫
t
∥∥(I − Pm)ϕn0(s)∥∥2X ds  ε4 , ∀t ∈ R,
where Pm is also from Definition 3.2.
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t+1∫
t
∥∥(I − Pm)ϕ(s)∥∥2X ds
=
t+1∫
t
∥∥(I − Pm)[ϕ(s)− ϕn0(s)+ ϕn0(s)]∥∥2X ds
 2
t+1∫
t
∥∥(I − Pm)(ϕ(s)− ϕn0(s))∥∥2X ds + 2
t+1∫
t
∥∥(I − Pm)ϕn0(s)∥∥2X ds
 2
t+1∫
t
∥∥ϕ(s)− ϕn0(s)∥∥2X ds + 2
t+1∫
t
∥∥(I − Pm)ϕn0(s)∥∥2X ds
 ε, ∀t ∈ R,
which implies that ϕ ∈ L2c∗. 
Theorem 3.5. Let X be a Banach space, then L2c(R;X) ⊂ L2c∗(R;X).
Proof. If ϕ(x, t) ∈ L2c(R;X), we know that {ϕ(s + t) | t ∈ R}[0,1] (here {ϕ(s + t) | t ∈ R}[0,1]
denotes the restriction of the set {ϕ(s + t) | t ∈ R} to the segment [0,1]) is precompact
in L2(0,1;X). So there are finite elements {ϕ(s + ti )}Ni=1 such that for any ε > 0 and ∀t ∈ R,
there exists some i, 1 i N , satisfying
1∫
0
∥∥ϕ(s + t)− ϕ(s + ti )∥∥2X ds < ε8 . (3.2)
In addition, for any ϕ ∈ L2(0,1;X), we can choose a function ψ ∈ C1([0,1];X) such that
1∫
0
∥∥ψ(s + ti )− ϕ(s + ti )∥∥2X ds < ε8 , ∀t ∈ R. (3.3)
Also, since for any fixed s ∈ R, ψ(x, s) ∈ X, there exists an m dimension subspace X1 of X such
that
∥∥(I − Pm)ψ(s + ti )∥∥2 < ε8 ,
when m large enough. Here Pm :X → X1 is the canonical projector. Hence,
1∫
0
∥∥(I − Pm)ψ(s + ti )∥∥2X < ε8 . (3.4)
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t+1∫
t
∥∥(I − Pm)ϕ(s)∥∥2X ds
=
1∫
0
∥∥(I − Pm)ϕ(s + t)∥∥2X ds
 2
1∫
0
∥∥(I − Pm)ϕ(s + t)− (I − Pm)ϕ(s + ti )∥∥2X ds + 2
1∫
0
∥∥(I − Pm)ϕ(s + ti )∥∥2X ds
 2
1∫
0
∥∥(I − Pm)ϕ(s + t)− (I − Pm)ϕ(s + ti )∥∥2X ds
+ 4
1∫
0
∥∥(I − Pm)ϕ(s + ti )− (I − Pm)ψ(s + ti )∥∥2X ds
+ 2
1∫
0
∥∥(I − Pm)ψ(s + ti )∥∥2X ds
< ε, ∀t ∈ R.
So ϕ ∈ L2c∗(R;X). 
There exist functions that belong to L2c∗(R;X) but not in L2c(R;X). Next, we show that
L2c(R;X)  L2c∗(R;X) by the following example.
Example 3.6. Let X = L2(Ω), we construct the following function:
ϕ(x, s) = a(x)g(s),
where a(x) ∈ L2(Ω), g(s) ∈ L2b(R;R) and
g(s) =
{
k, for s ∈ [k, k + 1
k2
], k ∈ N;
0, otherwise.
Obviously, g(x, s) ∈ L2b(R;L2(Ω)). Furthermore, g(x, s) ∈ L2c∗(R;L2(Ω)).
In fact, we let H = L2(Ω) = H1 ⊕H2 with
dimH1 = m< ∞.
Hence, for any ε > 0, we can choose m large enough such that∥∥(I − Pm)a(x)∥∥2H < ε/C, (3.5)
where Pm :H → H1 is the orthogonal projector. Since ϕ(s) ∈ L2b(R;R), we have
sup
t∈R
t+1∫ ∣∣g(s)∣∣2 ds C < ∞. (3.6)
t
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t+1∫
t
∥∥(I − Pm)ϕ(x, s)∥∥2H ds =
t+1∫
t
∥∥(I − Pm)(a(x)g(s))∥∥2H ds
= ∥∥(I − Pm)a(x)∥∥2H
t+1∫
t
∣∣g(s)∣∣2 ds
< ε, ∀t ∈ R.
However, note the fact that for any l > 0, we can choose k large enough such that 1
k2
< l and
l → 0, we have
1∫
0
∥∥ϕ(x, s + k)− ϕ(x, s + k − l)∥∥2
H
ds =
1∫
0
∥∥a(x)∥∥2
H
∣∣g(s + k)− g(s + k − l)∣∣2 ds
= ∥∥a(x)∥∥2
H
1∫
0
∣∣g(s + k)− g(s + k − l)∣∣2 ds
= ∥∥a(x)∥∥2
H
,
which derives from Proposition 3.1(ii) that ϕ(x, s) does not belong to L2c(R;X).
4. Uniform (w.r.t. σ ∈Σ) absorbing set and uniform (w.r.t. σ ∈Σ) attractor in E0
Now, we consider system (1.1) with external forces h(x, t) belonging to L2c∗(R;H), which is
translation bounded but not translation compact.
Theorem 4.1. Under assumptions (1.2)–(1.4), the family of processes {Uσ (t, τ )}, σ ∈ H(σ0),
corresponding to (1.1) has a bounded uniformly (w.r.t. σ ∈H(σ0)) absorbing set B0 in E0.
Proof. Taking the scalar product with v = ut + δu in H , where 0 < δ  δ0 which will be deter-
mined later, using conditions (1.2) and (1.3), we have
1
2
d
dt
(
|v|2 + ‖u‖2 + 2
l∫
0
F(u)dx
)
+ (β − δ)|v|2 + δ‖u‖2
− δ(β − δ)(u, v)− αδ(ux, v)+ δ
l∫
0
f (u)udx = (h, v). (4.1)
Now, using Hölder inequality, Young inequality and condition (1.3), we obtain the estimate
(β − δ)|v|2 + δ‖u‖2 − δ(β − δ)(u, v)− αδ(ux, v)+ δ
l∫
f (u)udx0
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l∫
0
(
F(u)− c)dx
 (β − δ)|v|2 + δ‖u‖2 − β
2δ
λ1
|v|2 − δ
4
‖u‖2 − α2δ|v|2 − δ
4
‖u‖2 + δ
l∫
0
(
F(u)− c)dx.
Choose δ0 such that
δ0
(
1 + β
2
λ1
+ α2
)
= β
2
. (4.2)
Since 1 + β2
λ1
+ α2 > 1 and 0 < δ < δ0, we have
β − δ
(
1 + β
2
λ1
+ α2
)
 β
2
 δ. (4.3)
It follows that
1
2
d
dt
(
|v|2 + ‖u‖2 + 2
l∫
0
(
F(u)+ c)dx
)
+ β
2
|v|2 + δ
2
‖u‖2 + δ
l∫
0
(
F(u)+ c)dx
 2δcl + |h||v| 2δcl + 1
β
|h|2 + β
4
|v|2, (4.4)
and then
d
dt
(
|v|2 + ‖u‖2 + 2
l∫
0
(
F(u)+ c)dx
)
+ δ
(
|v|2 + ‖u‖2 + 2
l∫
0
(
F(u)+ c)dx
)
 4δcl + 2
β
|h|2. (4.5)
Set
z(t) = |v|2 + ‖u‖2 + 2
l∫
0
(
F(u)+ c)dx.
From (1.2) we know z(t) 0 and combining with (4.5) we obtain
d
dt
z(t)+ δz(t) 4δcl + 2
β
|h|2. (4.6)
By Gronwall’s inequality and (1.2), we have
y(t) z(t) z(τ ) exp
(−δ(t − τ))+ (1 + δ−1)(4δcl + 2
β
‖h‖2
L2b
)
. (4.7)
From Proposition 2.4, we know
‖h‖2
L2
 ‖h0‖2L2 for all h ∈H(h0).b b
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B0 =
{
y = (u,p) ∣∣ ‖y‖2  ρ20}, (4.8)
where ρ0 = 2(1 + δ−1)(4δcl + 2β ‖h0‖2L2b ), i.e., for any bounded subset B in E0, there exists
t0 = t0(τ,B) τ such that⋃
h∈H(h0)
Uh(t, τ )B ⊂ B0, ∀t  t0.  (4.9)
Lemma 4.2. (See [14].) Assume that nonlinear term f :R → R is continuous and satisfies (1.4).
Then nonlinear operator f :V → H is continuous and compact.
Now we prove the existence of compact uniform (w.r.t. h ∈H(h0)) attractor for system (1.1)
with external forces h0 ∈ L2c∗(R;H) in E0.
Theorem 4.3. Under assumptions (1.2)–(1.4). If h0(x, s) ∈ L2c∗(R;H), then the family of
processes {Uh(t, τ )}, h ∈ H(h0), corresponding to problem (1.1) possesses compact uniform
(w.r.t. h ∈H(h0)) attractor AH(h0) satisfying
AH(h0) = ω0,H(h0)(B0) = ωτ,H(h0)(B0), (4.10)
where B0 is the uniformly (w.r.t. h ∈H(h0)) absorbing set in E0.
Proof. In order to prove the existence of compact uniform (w.r.t. h ∈ H(h0)) attractor in E0,
from Theorem 2.6, we need only to verify that the family of processes of {Uh(t, τ )}, h ∈H(h0),
satisfies uniform (w.r.t. h ∈H(h0)) Condition (C).
Since A−1 = (−)−1 is a continuous compact operator in H , by the classical spectral theo-
rem, there exists a sequence {λj }∞j=1,
0 < λ1 < λ2  · · · λj  · · · , λj → +∞, as j → ∞, (4.11)
and a family of elements {ωj }∞j=1 of D(A) which are orthonormal in H such that
Aωj = λjωj , ∀j ∈ N.
Let Hm = span{ω1, . . . ,ωm} in H , Pm :H → Hm is an orthogonal projector. For any u ∈ V ,
we write
u = Pmu+ (I − Pm)u u1 + u2.
Since f :V → H = L2(Ω) is a compact operator (see Lemma 4.2), for any ε > 0, there exists
some m such that∣∣(I − Pm)f (u)∣∣H  ε2 , ∀u ∈ B0(0, ρ0), (4.12)
where ρ0 is given by (4.8).
Similar to Theorem 4.1, taking the scalar product with v2 = ∂tu2 + δu2, we have
1
2
d
dt
(|v2|2 + ‖u2‖2)+ (β − δ)|v2|2 + δ|u2x |2
− δ(β − δ)(u2, v2)− αδ(u2x, v2) = −(f, v2)+ (h, v2). (4.13)
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λm+1 and, correspondingly, a choice of δ1, such that
δ1
(
1 + β
2
λm+1
+ α2
)
= β
2
,
then we have
(β − δ)|v2|2 + δ‖u2‖2 − δ(β − δ)(u2, v2)− αδ(u2x, v2) β2 ‖v2‖
2 + δ
2
‖u2‖2. (4.14)
In addition,
−(f, v2) = −
∫
Ω
(I − Pm)f · v2 dx 
∫
Ω
∣∣(I − Pm)f ∣∣|v2|dx.
Hence, using the Hölder inequality we deduce from (4.13) that
d
dt
{‖u2‖2 + |v2|2}+ δ(‖u2‖2 + |v2|2) 2ε2
β
+ 2
β
∣∣(I − Pm)h(s)∣∣2.
By Gronwall lemma, we have
‖u2‖2 + |v2|2 
(∥∥u2(t0)∥∥2 + ∣∣v2(t0)∣∣2) exp(−δ(t − t0))
+ ε
2
δβ
+ 2
β
t∫
t0
exp
(−δ(t − s))∣∣(I − Pm)h(s)∣∣2 ds. (4.15)
Since g ∈ L2c∗(R;H), by Lemma 3.3, we know that for any ε1 = ε1(ε) > 0, there exists t0
such that
t∫
t0
exp
(−δ(t − s))∣∣(I − Pm)h(s)∣∣2 ds  βε16 , ∀h ∈H(h0), ∀t  t0. (4.16)
Let t1 = t0 + 1/δ ln(3ρ20/ε1), then we have
ρ20e
−δ(t−t0)  ε1
3
, ∀t  t1.
Clearly, we can choose ε = ε(ε1) such that
ε2
δα
 ε1
3
.
Therefore, we deduce from (5.16) that
‖u2‖2 + |v2|2  ε1, ∀t  t1, h ∈H(h0),
which indicates that the family processes of {Uh(t, τ )}, h ∈ H(h0), satisfies uniform (w.r.t.
h ∈ H(h0)) Condition (C) in H 10 × L2. Applying Lemma 2.6, we obtain the uniform (w.r.t.
σ ∈H(h0)) attractor of the family of processes {Uσ (t, τ )}, σ ∈H(h0) in H 10 ×L2. 
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